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HIGHER ORDER THEORY FOR LONG-TERM BEHAVICR OF
EARTH AND LUNAR ORBITERS

BERNARD KAUFMAN and ROBERT DASENBROCK

Operations Research Analysts
Naval Research Laboratory, Washington, D.C.

Abstract: A semianalytical method carable of analyzing both lunar and
earth orbiters is presented. Primary atteriion is focused on predicting the evolu-
tion of the orbit as affected by third-body perturbations and those of the rotat-
ing primury. The singly averaged (literal) equations of motion are expanded by
machine to a high cider in the parallax factor and ihe mean motion ratio. These
equations are numerically integrated to yield the orbital evolution and stability
for a wide range of initial conditions. In addition, a purely analytical method is
introduced to yield the orbital lifetimes for a special class of orbits.

INTRODUCTION

The design of any mission to place a satellite in orbit about a body is a complex and
time consuming investigation of the types of orbits that would meet siated scientific
objectives. Orbiters in the earth-moon system are influenced by a very complex dynamic
field. This system is a unique one because of the relative masses of the two bodies. A
satellite in orbit about either of these bodies undergoes interacting perturbation§ that are
difficult to model. If periapsis is low enough, then the asphericity of the central body
and atmospheric drag become important; if apoapsis is high enough, perturbations caused
by the third body will dominate. Coupling between the gravity field and the third-body
perturbations can cause complicated behavior in certain characteristics of the orbit. Further,
the effects of the sun as a perturbing force cannot be neglected.

Because of this complex dynamic field, the mission analysis phase of the study must,
and will of necessity, include a time history of many ortits in order to gain the maximum
scientific data from the final orbit chosen. Such a history should include not only life-
time predictions but also a reasonably accurate history of all of the orbital parameters
for a variety of initial conditions. Because such a variety of conditions will be used, it
also becomes essential that the model chosen to produce the time history be not only
accurate but very fast. Any good n-body precision integration program of the Cowell
or Encke type is capable of meeting the first of these criteria, but certainly not the second.

To speed up the computations involved. the standard approximation used has been
to doubly average the disturbing function due to the presence of a third body. The dis-
turbing function is first averaged over one orbit of the satellite, and then over one revolu-
tion of the central body about the disturbing body. This process eliminates all short and

NRL Problem B01-10; Project RR 003-02-41-6152. This is a final report on one phase of the problem.
Work on other phases of this problem is continuing. Manuscript submitted November 16, 1972,
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i 2 KAUFMAN AND DASENBROCK

medium-period terms, leaving only the long-period perturbations for consideration. How-
ever, experience has shown that this model has limited use for the earth-moon system.
Also, for a planet such as Mars where coupling between oblateness and third body can
be strong, the doubly averaged system sometimes fails. A good discussion of this model
can be found in Ref. 1.

L

The singly averaged equations of motion have been shown in Ref. 2 to be highly
accurate for orbiters of Mars. Here only the short-period terms are averaged out and the
equations of motion retain the medium- and long-period terms. Therefore the model is
also valid for both near and far orbiters of the earth and moon. However, as shown in
that reference, the expansion of the third-body disturbing function is essentially in terms
of the parallax factor a/r’. For a 100,000-km-high earth orbiter, this parallax factor is
about 0.25 for the moon as the disturbing body. The expansion in Ref. 2 was truncated
4 ; to retain only terms of second order in the parallax factor, but for high earth or lunar
: orbiters this is not sufficient. The expansion must be to at least fourth order, and for high
‘ orbiters (100,000 km) should be carried even further.

When the third-body terms are averaged, the assumption is sometimes made that the
disturbing body does not move significantly over one orbit of the satellite. However, for
high orbits this assumption is clearly violated in the case of tiie earth-moon system. Thus,
in carrying out the expansion, a time rate of change for all terms containing the third-body
position must be included. This yields a further expansion of the disturbing function in
ternis of the mean motion ratio n'/n — the ratio of the mean motion of the disturbing
body to that of the satellite.

To carry out the expansions in terms of the parallax factor and the mean motion
ratio, and then to average the equations of motion over one orbit, requires an excessive
amount, of algebra for the higher order terms. It is almost impossible to proceed beyond
fourth ord.. in parallax using hand techniques. To aid in the algebraic computations, a
general algebraic manipulation routine was developed which is now operational on a large-
scale computer. 'This program was used to compute the averaged (literal) equations of
motion to eighth order in the parallax factor and to second order in the mean motion
ratio with the conesponding cross terms up to and including fifth order in parallax. The
entire expansion required approximately 2 min of central processor time on a CDC 3800
computer. The output is FORTRAN compatible, card punched, and directly insertable
into the variation-of-parameters program with no human interaction.

In addition to the third-body effects, the gravity harmonics of the rotating primary
must be considered. For the moon, these equations may be averaged over the orbital
period since the moon rotates slowly. However, for the more rapidly rotating earth, this
analysis is invalid because the orbital mean motion may be nearly commensurate with
the rotation of the primary. To avoid this problem, Gaussian quadratures are used, i.e.,
the equations of motion are numerically averaged from one-half orbit behind to one-half

» orbit ahead of the present position of the satellite. The Greenwich mean sidereal time
enters explicitly in this analysis. These averaged rates are then used in the total variations
of the elements. At present, a full 7X7 and 4X4 field is used for the earth and moon,
respectively. When the tesseral harmonics are not required, only terms containing Jo,
.722, J3, and Jy are used, and the variational equations are calculated explicitly without
using quadratures.
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Finally, a model is also included for atmospheric drag and its effects on the semi-
major axis and eccentricity. This model assumes a nonrotating atmosphere, no lift forces,
and a drag force acting as a negative tangential component. The density is calculated only
as a function of altitude, and the accelerations are averaged over one revolution of the
satellite.

In addition to this semianalylic approach, a purely analytical model is also developed.
This model concentrates on the long-period terms and applies to both lunar and high
earth orbiters. To derive the long-period equations of motion, the medium-period terms
must be removed. This can be done provided that the earth and moon move much faster
on their respective paths than the line of apsides of the perturbed orbit under question.
This condition is satisfied for all lunar orbiters for which the height does not exceed
«oproximately four lunar radii. For the low lunar orbiters, the fastest periodic term in
the 2quations of motion involves the earth angle, i.e., onc revolution per month, whereas
the nodal angle and perilune angle rotate with periods of not less than 6 months. Thus,
these medium-period effects involving the earth angle can be removed by a von Zeipel
transformation.

For earth orbiters, the analysis is more complicated. The line of apsides rotates
with an angular velocity of about 8° per day for a low orbiter, whereas the sun and moon
move along their respective paths with angular rates of 1° and 13° per day, respectively.
Thus these medium-period terms cannot be removed for the low orbiters; however, the
analysis is valid for the higher orbits and useful results can be obtained.

In the absence of oblateness, the solution to the equations of motion can be expressed
in closed form using elliptic integrals. However, in certain special cases involving initially-
near-circular orbits, the solution involves only the elementary functions. These special
cases ure extended to include oblateness by introducing a series expansion. The solutions
are accurate and yield results applicable to initially-near-circular orbits. These solutions
yield tho long-period time history of eccentricity and pericenter position and give the
orbital lifetime for unstable orbits. This procedure works well for high lunar orbits and
can be extended to high earth orbiters.

MACHINE-AUTOMATED ALGEBRA

The use of machine-automated algebra in celestial mechanics has become increasingly
popular in recent years. Due to the high probability of error which is introduced when
hand methods are used, it was decided to develop the equations of motion to a high
order by computer. To this end it was decided to construct an algebraic manipulation
program compatible with the CDC 3800 computer presently in use at the Naval Research
Laboratory. This program will manipulate the otherwise involved literal Poisson series
occurring in classical perturbation theory. The computerized operations include the
simplification, ordering, negation, addition, subtraction, multiplication, differentiation,
and integration of the trigonometric series occurring in the theory. Other more speciulized
routines include a binomial and taylor series expansion. The program is written in FORTRAN
and can be used on any machine possessing a FORTRAN compiler, with little or no
modifications.

The syuations of motion (to be described later) were developed entirely by computer.
These literal equations were automatically card punched in FORTRAN-compatible form
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and inserted directly into the variation of parameters program with no human interaction.
Literally thousands of terms were ivolved in these expansions, with a savings in time of
many months and possibly years. The method has the added advantage in that trivial
algebraic and keypunching errors are eliminated as possible errors in the analysis. Remain-
ing errors can be traced to those of concept and the programming of the literal expansions.
A detailed description of the algebraic manipulatioa program may be found in Ref. 3

VARIATION OF PARAMETERS

The equations for the variation of the keplerian elements are well known and are
developed in any good textbock on celestial mechanics. Therefore the equations will be
listed here, without derivatior., in the two forms that were used in the computer program.

Lagrange’s Planetary Equations
da_ 2 OF 3
dt na oM
__.___(1 —ei2 e2yt/2 OF .a_f".)
(- i
a9 - 1 9F
t na%(l —e2)l/2 sini di
> (1)
di _ csc i ( aF
dt na2(l — e2)1/2 aqQ — cos '
dw_(1—e2)y1/2oF cos i oF
dt ena?  O0e nat(l —e2)2gini oi
dM _ _ 2 3F 1 — e2 oF
dt ' naoa de’ J
Gauss’ Form of the Equations
da _ 2 . a(l —e2) )
q n———T—(l_e)llz(Resmf+ - S W
e (1 —e2)1/2ginf (1 —e2)1/2 (a2(1 — e2) — r2> J
dar na R+ = T S \
; ) :

aQ _ rsin(w +f) W
dt " nal(l — e2)/2 sini

di _ rcosgw+§2‘ W
dt  ng%(1 — e®)
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dw__(1—e/2cosf , (1 —e)l/2sinf N
- dt ane R + s (1 <l»a--—--(1 —'ez))b
_rsin(w+f) coti .
a2n(1 — e2)1/2 > (2)
a _ (1—e2)cosf _2r\,__(1—e?)sinf r
at "\ ame — ;a-i) R ane (1 * a(l '_ez)) .

the disturbing force A is defined as
A =Ry, + Suo + WU, 3)

and A is decomposed into components in the radial (R), transverse (S), and orbit plane
normal (W) directions where

UA =U, XUg.

THE THIRD-BODY DISTURBING FUNCTION

The acceleration experienced by a satellite under the influence of a point mass third
body is
’
o= v(—-‘-‘—) @)

e — el

wheve ' is the gravitational coefficient of the third body and #, denotes the acceleration
vector in inertial space. The position vectors to the third body and the satellite are ' and
¢, respectively.

PERICENTER
SATELLITE
/ SUN'S ORBIT
PN
/ \
/ ~SUN

v
l
|
N
x,y PLANE IS EQUATORIAL
PLANE OF PLANET

Fig. 1 — Planet-centered satellite geometry
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Equation (4) may be expressed as

1 Py
” !
PR -
# (Ir'—rl r'3

where
] !,
."'= L r' = "'v(-r—-'-).

r'3 r'3

Equation (5) can be written in the form

t=VF (")
where
! 1 r
F@') ='€7 . N7 '-(7) cos S
(1 —2=cos S +(—,) )
\ r r
and
. [}
cos S = I—-,L .
m

Now introduce the eccentric anomaly E directly into Eq. (7), i.e., let

(—:-,)cos S = 5A(cos E —e) + 8B(1 — e2)*'2 gin E

and
r\2
(—;—,) = §2(1 —e cos E)2,
where
8 =% is the parallax factor,
A=P ¢

?
B=a 7', where P and Q are as shown in Fig. 1, and

t' is the unit vector to the third body.

The quantity F(¢',r) was expanded directly to the eighth order in § by using the

)

(6)

M

algebraic manipulation program previously mentioned. Due to the direct nature of the

expansion, the explicit expressions for the Legrendre polynomials were not required,

The coefficients of each factor 6? (where 2 < n < 8) were automatically collected, and

the disturbing function is then obtained in the form
8

F(rp') = , Z ¢nF,(A,BeE)

n=2

ﬂ‘lt

(8)

PP BN
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where each F,(A,B,e,E) is of the form

n n
Fp(ABeE) = z Citam A/B%e% cos mE + z Sikem A/Bte® sin mE 9)
m=0 m=1

and both Cpop, and Sg,,, are obtained as rational integer coefficients. The next step is
to average the disturbing function over one orbital pericd, i.e.,

n n
F,(ABe) = -2171 Fpdt=o- I F,(1 — e cos E) dE. (10)
~—-" K

The equations of motion as determined by the Lagrangian planetary equations listed in
Eq. (1) are
k" = f,-(x,-). (11a)

Substituting F",, and its derivatives we then have the averaged equations of motion given
by

%; = f{A.B.v.e) (11b)
where

x; is the Keplerian state vector,

'71 71=ﬁ'?;
Y1 YoV =P 7

13/ |13 =0y ¥
with
—P(2)
P, = | PQ)
0
and Qe
Q; =1 Q1) JjandR=P X Q.
0

In the first-order variation of parameters analysis it may be assumed that the orbital
elements q, e, i, §2, and w are constant as the equations of motion are averaged. However,
the third-body position cannot be held constant.

Therefore A, B, and v are expanded about their nominal values, i.e.,

9A (n' 1 024
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with similar expressions for B and y. 0'is the third-body central angle and

0 n dt

where dr'/dt is given along with ¢’ by an analytical ephemeris. The additional terms for
Eq. (11a) representing the motion of the disturbing body then become

. _ 904 of; 9B
bx; = EY %k ( )(M M) + afs a0’ ( )(M Mo)
+ gf :g ( )(M Mg) + higher order terms. (13)

Averaging Eq. (13) as above and then adding Eq. (11b) yields the total averaged equations
of motion.

Since the disturbing function is time dependent, the time rate of change of the semi-
major axis has a nonzero average. Although no secular change results, small but not in-
significant twice-monthly and twice-yearly fluctuations in the semimajor axis do appear.
The final form of the equations of motion is obtained in the parallax and mean motion

ratio as
% -'-‘-. szo an ',';' (14)

where the £y, are the functions derived from the averaged disturbing function F,,, and
%x is the additional term due to the motion of the disturbing body. The derivatives of

n hecessary for fpq are listed in Appendix A, and the derivatives required for fj, are
listed in Appendix B.

For a very high earth or lunar orbiter it is not enough to assume that the orbital
elements g, e, i, £, and w remain constant during the averaging process, as was done here.
For these high orbits it is necessary to include the coupling between the short-period fluc-
tuations in the elements with the short-periodic part of the disturbing function. This is
especially important for high lunar orbiters. These additional expansions are being carried
out but have not yet been implemented in the variation-of-parameters program.

GRAVITATIONAL FIELD ANALYSIS

For a satellite of the moon, the disturbing function could be averaged analytically;
for most other planets such is not the case. Representing the gravitational field of the
body by the standard expansion in spherical harmonics, we have

-]

n
I I R . .
U =<+ F =T 1+ - PY(sin ¢) (Cpp cos mA + Sy, sinmA) | (15)

n=1 m=0

IS A
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Then in the Lagrangian equations we would normally substitute

T
F= -}I Fdt
0
for the disturbing function where, more explicitly,

_ — ¢2)3/2 pn (2T .
F = HQ —e?)7" R" j (1 +ecos " P™(sin ¢) M0 ¢ df (16)

pn+l 0

with 0 = 0t (é is the rotation rate of the primary).

The integral in the above equation is evaluated with all quantities held constant,
except f. For a satellite of the moon, the change in 6 over one orbit is negligible to the
first aporoximation, but for other planets, this change can be significant. It is for this
reason that the disturbing accelerations caused by a nonspherical central body must be
treated differently. Here the equations of motion are aversged numerically and these
averaged equations are then integrated to obtain the variation in the orbital elements.

This treatment was suggested by Uphoff in Ref. 4, He defines the averaged Lagrangian
equations of motion in the following manner: Let x; be the standard variational equation
of any element. The averaged Lagrangian equation is then

- 1(. ., d
%=7 L x(r)dt = -;-:-; L x.‘(f)'&'} df. a7
But
af _ (uP)1/2
a2’
therefore
AL e r" S0 a8)
' oon VP A (1+ecos )2’

Substituting the Gaussian form of the variational equations into Eq. (18) the following is
obtained:

Z:ﬁl____ﬂ fzesinfR(f)+(1+ecost)S(f)df 3
Vs Jp (1 + e cos f)?
- npP2 fa sin f 2cos f +e(1 + cos? 1)) )
ol T B S(f)}d 19
¢ 2rp J;l ((1 + e cos )2 n+ (1 +ecos f)3 (f))df L (19)

?=_n£_2_ J‘fz cos(w + HW() df
' 2mu 7, (1+ecos n3

-
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-(;_an J'f2 ((2+ecosf)sinf

_ cos f
= om A S(f)

e(1 + e cos f)3 e(1 + e cos f)2

R(f)

__ sin (w +f)cosi
(1 +ecosf)3sini

W(f)) df

o nP? J‘fz sin (@ + f)
¢ (1 +ecosf)? sini

W(Hd(f) r (19)

M= "+ nP2(1 — e2)12 (f2 (cos f 2
PA] A e (1 +ecos f))
1

X R(f) _{2+ecosf)sinf
(1 + e cos )2 e(l + e cos f)3

S(f)] df. )

The evaluation of the definite integrals in these equations is done using Gaussian quadratures
with 24 points.

The computation of the disturbing accelerations is accomplished using a technique
devised by DeWitt in Ref. 5. This method was programmed to include any order of the
zonals and tesserals desired. At present a full 7 X 7 and 4 X 4 field is used for the earth
and moon, respectively. The accelerations are evaluated in cartesian coordinates and trans-
formed to components in the racial (R), transverse (S), and orbit plane normal (W) direc-
tions by means of the rotation trensformations

Trsw = To(w +f) T (i) T,().
The transformed accelerations are then used directly in Eq. (19).

For central bodies other than the earth or moon, only terms containing J,, J?"’, J3,
and J,, are used, and the variational equations are calculated explicitly without going
through the above averaging and quadratures. The variational equations will simply be
listed here. The equations in J; and J22 are derived in detail in Ref, 6, with additional
terms from Ref. 11, and those in J3 and J, were teken from Ref. 7. This option is also
used for high-speed analysis of earth and lunar orbiters where a full gravity field is not
required.

Equations in Jy, J,2
‘da
(@),
(E_;) __ 4bnJZRS
dt ] 32p4

2

ill

0
(20)

e(1 — e%(—i—% — sin2 z) sin2 i sin 2w

N

P N
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m) _ 3nJyREcosi 9nJfR}cosif3 5 9 :
(dt "2— op2 4P4 3 gsmti

1 5 e2cos 2w (17 . )
2 (= 4 e 2 i et | . — 2
+e (6+24sm 1) + n (3 b sine i

+ (1 —e2)lf2 (1 —-g-sinz z)]

(di) _4593R;
5 dt); 64 p4

3nd,R2 3nJ2RA
‘-—25-(2—§em2 i)+ 2 ¢ 148 —103 sin2i+-2—1-§sin4i
2p2 2 16P4 4

ne2(}% — sin2 z) sin 2i sin 2w

N
a.l“-
~|g
e’
N"
1

+ e2(7 -—%sin2 i_éSE sin4 i)— cos 2w [(7 -l; sin2 i)sin2 i

19 135
—e2(7 ——=in2i+=——sindi
e<7 2s1nz+4sm z)]

+ (1 —e2)!/2 (24 — 66 sin2 i + 45 sin? iil

J
where

R, is the equatorial radius of the planet

(20)

P = a(1 — e2) is the semilatus rectum and the subscript Jo means oblateness and J,

terms only.

Equations in Jg

\
@) < op ()
s J
p de gnR}s; . o
(dt>J "8 ps (1 —e2) (5 cos® i — 1) cos w sin i

(E" ) ~ 3nR3J, ?
4

e(15 cos2 i — 11) sin w cot i
(d,-) _8nR3J,

e(5 cos2 i — 1) cos w cos i

(21)

11
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s 3nR3J 2
/d"’) = e’3(1+ de )(5 cos i — 1) sinwsini-(%?) cos i (21)
f J

3
\dt , 8P e s
where — -
2) ol
@) -
dt J3 (1 - 32)
Equations in J
— - N
(-"-”) = 9P tan z(ii)
dt/y, dt/y,
a‘e) 16nR}J, . . .
—) == m~— (1l —e2) (7 cos? i -— 1) sin 2w sin2 i
& " e )
d“‘g) 16nRYJ,
—) = cosi{2(7cos2i—3
(dt 7, 32p4 { ( )
+e2[7 cos? i — 1 + 4 sin2w(7 cos? i — 4)]}
r (23)

e2(7 cos? i — 1) sin 2w sin 2i

(af _16nR}J,
dtfy,  64P

deo 15nR4J
(19) = —-——-‘?—4‘{8—- 28 sin2 i + 21 sind i
dt U, 16P4

— (7 cos2 i — 1) sinw sin2i + €2 [6 ~ 14 sin2 i +-§é§ sin4 i

+ sinzw(s — 35sin2 i + 83 gin4 x)]}
2 y,

where a definition identical to Eq. (22) holds with the proper change in the subscripts.
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DRAG

For the variations due to the presence of an atmosphere, a model has been assumed
in which there are no lift forces present, the drag force acts as a negative tangential com-
ponent, and the atmosphere is nonrotating, This results in variations only in the semi-
major axis and the eccentricity. The variational equations are then averaged over a single
orbit using Gaussian quadratures. The density is taken from several models and is calcu-
lated as a function of altitude. These models can be found in Ref. 8 and 9 for Mars and
Venus, respectively. For the earth, no atmosphere was used in the present program,
although it would be very easy to incorporate a model similar to the type used for Mars
and Venus,

The detailed derivation may be found in Ref. 2 with only the results being listed here:

- CnAa2(1 — e2)3/2 o7 3
- —Zpdad )[ LA (24)

21 mp —n (1 + e cos )2

:__ CpA(l —e?)3/2 J‘" pVie + cos ) 4 (25)

2t m —n (1 + e cos f)2

where Cp, is the aerodynamic drag coefficient, A is the cross-sectional area, and p is the
density.

It is to be stressed that only a nonrotating atmosphere has been considered; otherwise
di/dt and d§2/dt would be nonzero. The complexities of assuming an exponential density

profile have also been bypassed by averaging the effects over one revolution of the satellite,

SAMPLE CASES

The method described above has been programmed for a CDC 3800 computer in
double-precision mode under the program rame of POPLAR (Planetary Orbiter Prediction
and Lifetime Analysis Routine). Figure 2 shows a comparison between POPLAR and an
Encke n-body numerical integration program for a lunar orbiter. Most of the slight dif-
ferences noticed here are due to the fact. that mean elements were not used and the con-
stants were different between the two programs. However, it is important to note that
these differences do not appear to be growing with time, The numerical integration pro-
gram took 4.6 min of 360/95 time, which translates to about 115 min of 3800 time.
POPLAR took 3.65 min for the same case — a factor of over 30 to 1.

Figure 3 is a plot of eccentricity versus argument of pericenter for a lunar orbiter.
Superimposed on this graph are contours of constant lifetime. The value of such a plot
is that it allows initial conditions to be selected that will yield any given lifetime, For
lunar orbiters, the inclination does not vary by more than a degree or two and, therefore,
these curves may be used as a very good first approximation to a nominal orbit. The
data shown in Fig. 3 is composed of thirteen different cases and took a total of about
15 min worth of 3800 CPU time.

R RN ¥,

»
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Fig. 2 — Comparison of POPLAR-generated and numerically integrated
i values of eccentricity vs time
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Fig. 3 — Ecceniricity vs argument of perigee for a lunar orbiter

Figure 4 is a similar curve for an earth orbiter of 75° initial inclination to the ecliptic.
For earth orbiters, the inclination does not remain as constant as for lunar orbiters. How-
ever, the change in inclination is only about 12°; therefore approximate initial conditions

may still be obtained but must be finally checked by numerical integration, Total CPU
time for Fig. 4 was about 25 min.
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Fig, 4 — Eccentricity vs argument of perigee for an earth orbiter
with i = 756°
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Fig. 5 — Eccentricity vs argument of perigee for an earth orbiter
with i = 45°

Figure 5 is again for an earth orbiter inclined at 45° to the ecliptic and shows stable
orbits as far as the lifetime is concerned. The intersections of the curves near w = + 90°
is indicative of the fact that inclination does not remain constant, varying as much as 15°
for some of the curves in this figure. Again, however, first approximations to initial con-
ditions may still be obtained. Approximately 20 min of CPU time was required for Fig. 5.
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ANALYTICAL RESULTS

The results obtained thus far have been arrived at by numerically integrating the
medium- and long-pericd equations of motion. For a lunar orbiter (and some earth
orbiters) the medium-period terms may be averaged cut, leaving the long.period equations
of motion. For a low lunar orbiter these equations inay be integrated analytically away
from resonance by the method of successive approximasiions, as in Ref. 10. In the absence
of oblateness the solution may be expressed in terms of elliptic integrals (Re{. 1). However,
in the case of the initially-near-circular orbit, the solution to the latter problem may be
expressed exactly in terms of the elementary functions. J, is considered by introducing
a power series expansion ir. terms of the quantity 1 — (1 — e2)1/2 which converges
quickly for most values of e.

The long-period Hamiltonian for a moderately high lunar orbiter can be written as

1 pR2 2\ nZad? 2 2
F=.‘9L+_J2#MM 1—gHe\ e 5— 38 \(3H2
or2 4 ° 13¢3 G2 16 L2 G2

+15 ( —9-3)( __}_I_2_> cos Zg] (26)
L2 G2

where L, G, H, and g are the usual Delaunay variables. For a Hamiltonian system

s _OF . _ _OF
G % £==35 (27
s 16 o9 (1 _ G2\ (, _HZ\ .
3 nsa ( 1 L2> (1 o sin 2g. (28)

A relationship between sin 2¢ and L, G, H must now be determined. This is
accomplished by setting

F(L’G9H9g)|G=L = F(LaG9H’g) (29)

and solving for cos 2g:

(30)

4
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where

R
o2 G|
Ko-

"1 n2e

K, is the ratio between the lunar oblateness effect and the terrestrial gravity effect.

Now let
(G) = (1 - 3%2-2-) (31)
i) = (1 - 3-15—:) (32)

and expand the expression for cos 2¢ up to the second power of (1 — G/L) = X

cos 2g = ——t— [1—5%2-2-(1+2X+3X2+...)]
()

1 KoL? 9
+§ —T(K1+K2X+K3X) (33)
(-5
where
15H2 1
K, 2 L2 2
106 H2 5
e+ i
K. - 5ZBHE 56
8" 8 12 24
2g_Ao+A1X+A2X2 24
cos T (34)
G2
and
_1 H2 1
AO-E—ZE-‘FEKOLKI
H: 1
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HZ2 1
A2 = — 3-[75 + -é K0K3L3
. 2
Here
H2
By =1—75— 4§
H2 H?
Bl = 2A0A1 4Z§' (1 '-"EE>

HZ H? H2
Bz=4I7—6-L—2-<1—Z§)+2A0A2—A¥.

In terms of X the equation for G becomes

X=-1—5"—3(c +C, X + CyX2)1/2 (36)
162 V0 1 2
where
Co = By
C, =B; — B,
By

C2 = T —B 1 + B2 .
Equation (36) may be integrated to obtain

L s el L = Effz'n(t—t ). (37)
cyz e X 2C, 16,2 " oF

%o

Equation (37) gives a time history for the evolution of a lunar orbit on the boundary
contour separating the librating and circulating orbits. The solution is valid for any value

for the semimajor axis as long as the boundary situation occurs. The condition for the
existence of an equilibrium point (and boundary line) is

H?

1-5>5
1_3 L?
0< (E—EK() = ||<t (38)
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These results can be summarized in Table 1. The lifetimes for six different lunar
orbiters are computed using Eq. (37). As a check these same cases are computed using the

program POPLAR which is described in a previous section. As can be seen from Table 1,
the agreement is excellent considering the simplicity of the analysis.

Table 1

Comparison of Computed (Eq. 37) and POPLAR-Generated
Lifetimes for Six Lunar Orbiters

Aq . io wo 2 Lifetime (yr)
(km) | 0 | (deg) | (deg) | (deg) | g ar) [ poPLAR
5214 1 0.1 90 40 0 0.92 0.99
5214 | 0.1 () 40 0 0.98 1.05
5214 | 0.2 75 40 0 0.64 0.68
6952 | 0.1 90 40 0 0.65 0.70
6952 | 0.1 75 40 0 0.70 0.79
6952 | 0.2 75 40 0 0.48 0.55

SUMMARY

The inclusion of medium-period terms in the equations of motion, while not bheing
new in the theory, has not until the present been available in a rapid program useful for
the earth and moon because of the excessive algebra involved in carrying out the expan-
sions in the parallax factor, The development of an algebraic manipulation routine has
not only made this expansion possible, but has allowed the further inclusion of the motion
of the disturbing body into the Lagrangian equations. Usually, the disturbing body has
been held fixed during the averaging process. But for high orbiters this assumption is no
longer valid. The algebraic program carries out, automatically, the expansion of the dis-
turbing function, differentiation of the expansion, averaging of the equations of motion,

and then punches out the resulting equations on computer cards in a FORTRAN-compatible
mode. These cards are then inserted directly into the program.

Gravitational harmonics for the earth and moon are also included by averaging the
variations in the elements by means of Gaussian quadratures over one orbit of the satellite,
These averaged variations are then included in the total variation of the elements which
are numerically integrated to yield a time history of the orbit.

Drag effects, while not used in the present examples for the earth, may be included
in the perturbation model. At present, this is limited to a nonrotating atmosphere with

no lift present and with the drag force acting as a negative tangential component. The
atmospheric density p is calculated as a function of altitude.

The program has proven to be a very fast and accurate one. In its high-speed mode
of calculating third-body perturbations and oblateness (J5, J3, J4) only, it has reached

speeds of greater than 500 to 1 over numerical integration. When the full gravitational

RN
S Cadn Ak N eTeedeR ad

Y e n s o
PR A e v
v ahen oo i AR TN % ot o

o e

&

f L

(R

I AR N
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harmonics are included, speeds of 25 to 50 to 1 are still attainable, Such speeds and
accuracy make the prograin extremely useful in parametric studies and in gaining insights
into the behavior of planetary orbiters.

In the theoretical development, points of singularity exits at i = 0° and 180°, and
e = (. However, in the practical application of the theory, one may come arbitarily close
to these values without encountering problems.

In special cases it has been shown that the long-period equations of motions may be
solved analytically. The results yield lifetimes of unstable orbits accurate to about 10%.
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Appendix A

THE AVERAGED THIRD-BODY DISTURBING FUNCTION
AND ITS DERIVATIVES

The derivatives listed below are those required for f;,( in Eq. (14).
OF _3F 34  9F 38
0w 04 dw OBw

oOF 0F 0A oF 0B

oF _oF o4, OF 28
02 0A 02 0B A

where
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} DISTURBING FUNCTION FOR ORDER 6
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Appendix B

ADDITIONAL TERMS DUE TO THE MOTION
OF THE THIRD BODY

The following are the derivatives required for Lagrange’s planetary equations of motion
listed in Eq. (1).

3 g—f=(Dl*DA+D2*DB)*CB

== = (D3 x DA + D4 * DB) * CA

e = [(D5 * DA + D7 » DB) = C + (D6 * DA + D8 = DB)/C] * CA

i 3F (D10 DA + D11 « DB) 24
oi oi
aB
+D9 + §1+ (D11 % DA + D13 + DB) 3
+ D12 + S2] % CB
F 2
=5 = [(D10 + DA + D11 + DB) 25 + D9 + 53
3B
+ (D11 DA + D13 + DB) == + D12 % $4] + CB
% = %9 (D9 4 DA + D12 + DB) * CB

where

C=(1—e2)l

N3 1 (order — 2)
ca () ()
r n\r

CB=CxCA
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